Using the fact that bosonic fields at finite temperature T = β −1 are periodic in the interval (0, β) while fermionic fields are antiperiodic, we discuss the construction of partition functions for quasi-periodic fields, i.e., for fields which obey the condition ψ(0; x) = e iθ ψ(β; x). We employ the generalized zeta function method to calculate the determinant associated with this partition function and since we want to discuss a gas with finite density, we also include in it a chemical potential µ. From the corresponding free energy we discuss Bose-Einstein condensation for these fields.
In nature one encounters particles which obey Bose-Einstein (BE) or Fermi-Dirac (FD) statistics. However, speculations concerning the existence of particles which obey intermediate (fractional) statistics between BE and FD ones have been raised since long ago [1] . In recent years this kind of conjecture has gained force with its possible relation with condensed matter effects like high-T C superconductivity and the fractional quantum Hall effect [2] .
In (2 + 1) dimensional field theory, fractional statistics can be obtained by including a
Chern-Simons term [3] to the Lagrangian density describing the interaction of the matter with gauge fields. Particles with intermediate statistics between the BE and FD cases, in two space dimensions are usually called anyons. Their properties can be understood from the braid group or equivalently assuming that they are hard core indistinguishable particles in two space dimensions so that the configuration space becomes a manyfold M with a non-trivial topology in the sense that Π 1 (M) = B N for N particles, where B N means the braid group with N generators. Hence, it can be shown that when anyons turn around each other the corresponding wave function (or the Feynman propagator for the system) acquires a non-trivial geometric phase [4] - [6] . An inherent difficulty of the anyon field description is its non-locality [7] . This makes it difficult to calculate beyond the second virial coefficient [8] even in the case of "free" anyons, contrary to what happens for free bosonic and fermionic gases for which the full partition function is known. The physical principles behind the description of relativistic bosonic and fermionic gases have been known since long ago, however their thermodynamical properties were correctly described only recently [9] [10].
Here, we shall discuss a different kind of interpolation between bosons and fermions.
In this paper we shall compute a generalized partition function which not only contains the relativistic partition functions for bosons and fermions as particular cases, but also interpolates continuously between these cases. Our starting point is based on the observation that at finite temperature T = β −1 bosonic fields are periodic, while fermionic fields are anti-periodic, in the imaginary time with period β. So, a natural extension is to consider quasi-periodic fields
In our approach there is no reason for restricting the space-time dimensions, despite that anyons live only in two space dimensions. This must not be surprising since other approaches towards generalized statistics like the Haldane's generalized exclusion principle [11] can be formulated in space with an arbitrary number of dimensions.
The partition function for a system described by a Hamiltonian H with chemical potential µ can be written as
where Ω is the free energy and N is the conserved charge of the system. As it is well known for charged massive bosonic fields one can express this partition function as a determinant [12] [13], namely,
where D 2 is the square of the covariant derivative, D ν , including the chemical potential,
and M is the mass of the field. This prescription for the inclusion of the chemical potential µ coincides with the one given by eq. (2) except for the introduction of an imaginary part to Z, which is not physically relevant. So unless otherwise specified, we are considering that the real part of Z has been taken. Note also that, the chemical potential appears squared in the relevant operator −D 2 + M 2 . This is a consequence of representing the partition function in phase space and then integrating over momenta (see [13] for details). The label P means that the eigenvalues of this operator are subjected to periodic boundary conditions and hence are given by
where ω n = 2nπ/β, with nǫZ Z , are the Matsubara frequencies [14] for bosonic fields and
As for the case of bosons, one can also write the partition function for fermions as a
where the determinants are calculated over the corresponding operator and det D means the inclusion of the calculation over Dirac indices (d is the dimension of the Dirac representation). The subscript A means that the eigenvalues of −D 2 +M 2 are now computed with antiperiodic boundary conditions. Hence, they are given by (4), but now the Matsubara frequencies are ω n = (2π/β)(n + 1/2), due to the antiperiodic boundary condition.
Our generalization consists in computing the determinant of the same operator, but this time submitted to quasi-periodic boundary conditions (1), namely:
where the subscript θ means that the quasi-periodic condition is assumed and we introduced a new parameter σ to be able to reproduce correctly the bosonic and fermionic particular cases. Observe that when θ = 0 and σ = −1 we reobtain the bosonic partition function, while for θ = π and σ = d/2 we have the fermionic case. For generality, we are going to calculate the above determinant in N +1 space-time dimensions. The eigenvalues in this case are
The determinant (6) is a generalization of its quantum mechanical (0 + 1) dimensional version (with µ = 0) which has been calculated using Green functions [15] and the zeta function method [16] . Here, we are going to calculate this determinant also using the generalized zeta function method through the basic formula [17] det
where the generalized zeta function is defined by ζ(s; A) = T r A −s and an analytical continuation of ζ(s; A) to the whole complex plane of s is tacitly assumed.
For the case at hand, with A = −D 2 + M 2 under θ-periodic boundary conditions, the eingenvalues been given by eq. (7), the generalized zeta function reads
where V is the volume, a N is the area of the unit hypersphere, both in N space dimensions.
The integral is expressible in terms of Beta function, and we obtain
where we defined
The sum appearing in eq. (10), well defined for
, is a generalization of the usual Epstein function [18] and as one can see from formula (8), the region of interest is s = 0. Its analytic continuation for the whole complex s-plane can be written as [19] :
where K α (z) is the modified Bessel function of order α. Taking the derivative of ζ(s, A) with respect to s, using that lim s→0 [1/Γ(s)] = 0 and lim s→0 [(d/ds)Γ(s)] = 1 we have, apart from an irrelevant term which is linear in β and independent of µ:
So, using the fact that ln det A = −(∂/∂s)ζ(s, A)| s=0 , we can find the generalized determinant (6) which interpolates continuously the partition functions, or equivalently the free energy, for relativistic boson and fermion gases with chemical potential µ in (N + 1)-dimensions. From eq. (2), we have:
where C N , ν and χ have been taken from eq. (11) . Note that in the above formula, only the real part of the free energy Ω(β, µ) is expressed, according to the prescription of introducing the chemical potential as an imaginary time-component gauge potential [13] . If we particularize the parameters σ and θ to the bosonic (σ = −1 and θ = 0) and fermionic (σ = d/2 and θ = π) cases we shall find precisely the results known in the literature [9] [10](see also [22] ).
It is interesting to compute the high and low temperature expansions for the free energy to clarify the role of the parameters θ and σ in the above calculation. Taking the high temperature limit βM << 1 in eq. (14), we find:
On the other hand, for the low temperature limit, βM >> 1, we have:
The above high and low temperature expansions for the free energy can be rewritten if we resum it as is done in standard calculations. Depending on the space-time dimensions these will turn to be a polynomial or remain as infinite series (see for instance [22] ). Now, we shall show that from the free energy (14) , or equivalently, from its high and low temperature expansions, we can extract the critical temperatures of Bose-Einstein condensation for the particular case of a bosonic gas. Taking θ = 0, σ = −1 and the high temperature limit βM << 1 we find the charge density
where ζ(N − 1) is the usual Riemann zeta function. Using the fact that the critical temperature of the Bose-Einstein condensate is reached when µ = M, for N = 3 we have:
which coincides with the results of known in the literature [9] . Analogously, in the low temperature limit βM >> 1 we have (µ = M):
which implies that the critical temperature for N = 3 is [20]
From both equations (17) and (19) one can see that the condensate is not defined in two space dimensions (N = 2), since the Riemann zeta function ζ(s) has a pole at s = 1. In fact, as the Riemann zeta function is convergent for s > 1 we find that the Bose-Einstein condensation for massive fields (both in the ultra or non-relativistic limits) occurs for space dimensions N > 2, which agrees with the literature [9] [21].
A few comments are in order here: Firstly, it is worthwhile to say that the interpolating parameter θ discussed here plays the role of a topological constant gauge field A µ = (A 0 , 0, 0, 0), since the θ-boundary condition for the Klein-Gordon operator implied that ω n → ω n + θ/β, which can be viewed as a shift in the time derivative operator, ∂ 0 → ∂ 0 +iθ/β. The discussion of the bosonic (3) and fermionic (5) determinants with a constant topological gauge field, but without relating it to boundary conditions or interpolating statistics, has been presented before [22] . An interesting point that has not been observed before is that the coupling between the bosons with the topological field A 0 suppress the Bose-Einstein condensation. To see this more explicitly, let us rewrite the free energy (14) as
where ω = k 2 + M 2 . As the condensation is related to the zero momenta ( k = 0) state, in this case we have ω → M. So, one can see that the above equation is well defined for every value of µ, except when θ = 0 (or 2nπ with n integer) for which µ = M gives the well known condensation condition. So, we can infer that no condensation occurs for any θ = 2nπ (n integer).
To get more confidence on the general case let us write the (single particle) distribution function corresponding to the above free energy:
From this generalized distribution function one can find the usual result that fermions exclude, i. e., taking θ = ±π one obtains the usual Fermi-Dirac distribution, which corresponds to a zero or one occupation number. Of course, it also contains the BoseEinstein distribution as can be seen taking θ = 0 (or 2nπ with n integer).
Secondly, we described here a kind of bosonization (or fermionization) by including the arbitrary θ and σ in a partition function. Note that, we have shown that no condensation occurs for fields with θ = 2nπ. However, a fermionic field interacting with a topological field A 0 = π/β will also condense, since the global phase added to exp β(ω ± µ) will be an integer times 2π.
As a final remark let us mention that our approach can also be extended to other spacetimes with different topologies. Many results for these cases are known in the literature for fermionic and bosonic gases [23] - [26] . Naturally, these results for Ω(β, µ) reduce to ours for a IR N ⊗ S 1 space-time when we put θ = 0 and σ = −1 (bosons) or θ = π and σ = d/2 (fermions) in our formula.
